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An integral part of scattering theory calculations in quantum systems involves identifying ap-
propriate the boundary conditions in addition to writing down the correct Hamiltonian. Even the
simplest problem of scattering in one dimension, scattering due to an onsite potential and scatter-
ing due to an unequal bond gives different results for scattering amplitudes. Using the mapping
between continuum and lattice models as a tool, we understand the local boundary conditions and
their implications on scattering in (i) normal metal quantum wires, and (ii) junction between a nor-
mal metal quantum wire and a one dimensional edge of quantum spin Hall insulator (QSHI). In the
case of junction between normal metal quantum wire and edge of QSHI, we identify the boundary
condition that permits maximum transmission. The problem of transport between four channels
of spinful normal metal quantum wire and two channels of QSHI edge is not well defined. We
rectify this situation by formulating the scattering problem in terms of a junction of a semi-infinite
normal metal quantum wire with infinite edge of QSHI, gapping out one semi-infinite section of the
QSHI edge by a Zeeman field and applying the appropriate boundary condition at the junction. We
calculate scattering amplitudes for the electrons incident on the junction.
I. INTRODUCTION
Scattering at a point in one dimensional continuum
quantum mechanics is a well studied text book prob-
lem, where a delta-function barrier back-scatters an elec-
tron1. This phenomenon has been used in modeling
point-like back-scatterers and interfaces extensively in
both noninteracting2–6 and interacting systems7. The
point scatterer at the normal metal superconductor junc-
tion4 backscatters the electrons reducing the probability
of Andreev reflection. In magnetic tunnel junctions5,6,
the interface modeled by delta function potential limits
the electron transmission. In interacting one-dimensional
systems7, repulsive short range interaction makes the
point like scatterer relevant in the sense of renormal-
ization group and hence non-negligible. We restrict our
discussion here to non-interacting electrons. While it is
the point scatters in the continuum that backscatter elec-
trons, on a lattice a hopping strength on a bond not equal
to the other hopping strengths in otherwise translation-
ally invariant system acts as a scatterer. The scatter-
ing coefficients for an onsite energy and for an unequal
hopping strength on a lattice have different forms. The
lattice model for the energy band can be mapped to con-
tinuum model near the band bottom. A natural question
that arises then is- ‘what do the two types of scatterers
in lattice model map to in the continuum model?’ We
answer this question.
Topological insulators have attracted attention of re-
searchers in the last decade owing to their exotic prop-
erties such as dissipationless transport8,9. They are in-
sulting in the bulk and conducting on the surface/edge.
First example of such a phenomenon where edge of an
insulating two dimensional bulk conducts dates back to
quantum Hall effect10. It was later shown that conduct-
ing edge states in a two dimensional insulating bulk orig-
inating from topology of the bulk bandstructure does not
require a net magnetic field and instead a staggered mag-
netic flux through a honeycomb lattice can do the job11.
This was followed by a prediction by Kane and Mele
that graphene with spin-orbit coupling is a two dimen-
sional topological insulator12. But spin-orbit coupling in
graphene is too weak for the bulk gap to be observable.
In 2006, Bernevig, Hughes and Zhang theoretically pre-
dicted that certain HgTe-CdTe quantum wells are two
dimensional topological insulators13. Two dimensional
topological insulators also known as quantum spin Hall
insulators (QSHIs) are band insulators that have con-
ducting one dimensional edge states which come in pairs.
Soon after, in 2007 it was experimentally shown that in
HgTe-CdTe quantum wells QSHI can be realized14. Af-
ter a decade, a two-dimensional material WTe2 has also
been shown to be a QSHI15,16.
Junctions of topological insulators with normal met-
als are important since such junctions are basic build-
ing blocks of electronic circuits involving topological
elements. Junctions between two-dimensional surface
states of three-dimensional topological insulators with
two-dimensional ferromagnets17 and two-dimensional su-
perconductors18 have been studied using a boundary
condition which involves a new parameter c. However,
the optimal value of this parameter which allows max-
imum current across the junction is not known. The
same boundary condition applies to a junction of one-
dimensional normal metal with edge states of QSHI. In
this work, we study the conductance across such a junc-
tion as a function of this parameter and find the optimal
value of the parameter for which the transmission is max-
imum. The problem of junction between two materials
each being semi-infinite is common. But such a problem
with one material being spinful normal metal and the
other edge state of QSHI is ill defined. In this work, we
rectify this problem and construct such a junction.
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2II. SCATTERING IN A NORMAL METAL
QUANTUM WIRE
A point scatterer in continuum theory can be modeled
either at the level of Hamiltonian, where the Hamiltonian
has a Dirac delta function in real space or by a bound-
ary condition in the wavefunction at the location of the
barrier. Though these two approaches are equivalent, we
shall follow the latter approach for reasons that will be-
come clear later. The Hamiltonian H, the wavefunction
ψ(x) and the boundary conditions can be written down
for a metallic system in the following way:
H =
( pˆ2
2m
− µ
)
, (1)
ψ(0−) = ψ(0+), ∂xψ|0+0− = q0 ψ(0),
where µ is the chemical potential which dictates the elec-
tron filling of the quantum wire, pˆ is the momentum
operator and q0 is the strength of the impurity which
backscatters the electron. The wavefunction for an elec-
tron incident from left to right at an energy E takes the
form:
ψ(x) = eikx + rk e
−ikx for x < 0
= tk e
ikx for x ≥ 0, (2)
where k =
√
2m(µ+ E)/~. By matching the boundary
conditions, it can be shown that
tk = 2ik/(2ik − q0) and rk = (2ik + q0)/(2ik − q0)(3)
This problem can be also stated on a one-dimensional
lattice system where on-site energy on one site is different
from others in an otherwise regular lattice. The formula
for scattering amplitudes is similar to eq. (3) near the
band bottom where the dispersion is quadratic. However,
there is a different way of inducing backscattering on a
regular infinite one dimensional lattice, which is to simply
change the hopping element on one of the bonds in the
otherwise translationally invariant lattice. To define the
problem more precisely, we resort to second quantized
language on an infinite one dimensional lattice:
H = −w
∑
n 6=0
[c†n+1cn + h.c.] − w′(c†1c0 + h.c.)
−(µ− 2w)
∑
n
c†ncn, (4)
where the hopping amplitude w′ may not be equal to w.
The scattering wavefunction for an electron incident from
left to right has the form
ψn = e
ikan + rke
−ikan, for n ≤ 0,
= tke
ikan for n ≥ 1, (5)
where a is the lattice spacing and ka =
cos−1−(µ− 2w + E)/2w. When w 6= w′, a generic
electron is backscattered. Transmission and reflection
amplitudes can be found from Schro¨dinger equation to
be
tk =
−2iw′w sin ka
(w2e−ika − w′2eika)
rk =
(w′2 − w2)eika
(w2e−ika − w′2eika) . (6)
In the limit of small filling, the Fermi energy in both
lattice and continuum models lies close to the band bot-
tom. Hence the lattice dispersion can be approximated to
a quadratic dispersion, thereby mapping the continuum
model to the lattice model. However, the expressions for
the scattering amplitudes eq. (3) and eq. (6) cannot be
mapped on to one another for small k. This means that
the two kinds of scatterers are inequivalent, though the
one-dimensional fermionic channels can be mapped onto
one another.
To find the equivalent of the unequal bond that causes
backscattering, let us investigate the continuum theory.
The boundary conditions given in eq. (2) for the con-
tinuum theory come from continuity of the probability
current on either sides of the impurity. This means
Im[ψ∗∂xψ] is continuous at x = 0. This implies that
the most general boundary condition is
ψ(0−) = cψ(0+), and
∂xψ|0− − q0−ψ(0−) = 1c [∂xψ|0+ − q0+ψ(0
+)], (7)
where c is a new parameter and q0− (q0+) physically
means the strength of a delta function impurity at the
location x = 0− (x = 0+). Now, solving for the scatter-
ing coefficients in the wavefunction given by eq. (2) from
the above boundary condition, we get
tk =
2ick
ik(c2 + 1) + c2q0− + qo+
, and
rk =
ik(c2 − 1)− c2q0− − qo+
ik(c2 + 1) + c2q0− + qo+
. (8)
In the limit of small k, eq. (6) matches with eq. (3) for the
choice c = w/w′, q0− = −1/a and q0+ = 1/a. Thus we
have mapped the problem of unequal bond that causes
backscattering to the continuum theory with appropriate
boundary conditions.
III. SCATTERING AT A JUNCTION OF
NORMAL METAL QUANTUM WIRE AND
EDGE STATES OF QSHI
The Hamiltonian for edge states of QSHI is:
H = −i~vFσz∂x, (9)
where σz is a Pauli spin matrix and vF is the Fermi ve-
locity. Let us consider a normal metal quantum wire
extending from z = −∞ to z = 0 making a junction with
QSHI edge at x = 0, z = 0. The schematic of the junction
3FIG. 1. Schematic diagram of the junction proposed. Normal
metal quatum wire (blue) meets the edge states of QSHI (red).
The width of the QSHI is taken to be infinite. The coordinate
x runs along the width of the QSHI with values x = −∞ on
left extreme to x = ∞ on the right extreme. The coordinate
z runs along the vertical direction with value z = −∞ on top
extreme and z = 0 (and x = 0) at the point where normal
metal quantum wire meets QSHI.
being considered can be seen in Fig. 1. The Hamiltonian
for normal metal quantum wire is H3 = −~2∂2z/2m− µ,
where m is the effective mass and µ is the chemical po-
tential. We mark the three sides of the junction 1, 2 and
3, where side-1 corresponds to QSHI edge x > 0, side-2
corresponds to QSHI edge x < 0 and side-3 corresponds
to normal metal quantum wire z < 0. We denote the
wavefunctions in these three regions by ψ1, ψ2 and ψ3
respectively. In regions 1 and 2, the spin is locked to
the momentum. An up-spin electron with energy E in-
cident from the quantum wire onto the junction has a
wavefunction of the form:
ψ3(z) = e
ik3z| ↑〉+ r↑e−ik3z| ↑〉+ r↓e−ik3z| ↓〉,
ψ1(x) = t1e
ikx| ↑〉,
ψ2(x) = t2e
−ikx| ↓〉, (10)
where | ↑〉 = [1, 0]T , | ↓〉 = [0, 1]T are the spinors,
k3 =
√
2m(µ+ E)/~ and k = E/(~vF ). The time rever-
sal invariant boundary condition that relates these wave-
functions is given by17,18:
ψ3 = c[M(χ1)ψ1 +M(χ2)ψ2],
~
mvF
∂zψ3 − 2χ3ψ3 = i
c
σz[M(χ1)ψ1 −M(χ2)ψ2],(11)
where M(χ) = cosχ− i sinχσz. The parameters χi, i =
1, 2 physically mean the barrier strengths on sides i = 1, 2
of the QSHI edge19. Due to Klein tunneling, the barriers
χ1 and χ2 on the QSHI edge allow perfect transmission
and hence they can be set to zero. The parameter c
physically corresponds to hopping from quantum wire to
the QSHI edge as discussed in the previous section. The
parameter χ3 corresponds to the delta function barrier
strength close to the junction on the quantum wire. Let
us set χi = 0 for i = 1, 2, 3 and calculate the scattering
coefficients in the wavefunction written in eq. (10) using
the boundary condition in eq. (11). This gives us
r↓ = t2 = 0,
t1 =
2~k3c
mvF + c2~k3
,
r↑ =
~k3c2 −mvF
mvF + c2~k3
. (12)
It is expected that the scattering coefficients in the spin
down channels are zero since the incident electron is spin
up and the system is time reversal invariant. The trans-
mission amplitude t1 is a function of c and it can be shown
that it is maximum for the choice c = ±√mvF /~k3. In
fact, c can be a function of energy and here, let us choose
c =
√
mvF /~k3. For this choice of c, t1 =
√
~k3/(mvF ).
This expression for transmission amplitude could have
a value larger than 1. But the differential conductance
G31 = dI1/dV3, the ratio of differential current on side-1
to the differential voltage applied on side-3 is given by
G31 =
e2vF
2pi
dk3
dE
|t1|2, (13)
where the factor of (1/2pi)(dk3/dE) is due to the density
of states of the incident electrons. It can be easily shown
that G31 for the special choice of c here will be e
2/h.
Thus we have found the value of the parameter c which
permits perfect transmission across the junction.
IV. JUNCTION OF A NORMAL METAL
QUANTUM WIRE WITH SEMI-INFINITE QSHI
EDGE
The edge states of QSHI live on the boundary of a two-
dimensional QSHI. Hence they cannot be semi-infinite.
But a Zeeman field perpendicular to the easy axis of the
edge state electrons opens gap in the spectrum of edge
states20 and this fact can be employed to make the in-
finitely long edge semi-infinite by applying a Zeeman field
to a semi-infinite section of the QSHI edge. We achieve
this by a modification of the system in the previous sec-
tion where the Hamiltonians in regions 1 and 3 remain
the same while the Hamiltonian in region 2 is given by
H2 = −i~vFσz∂x + bσx. (14)
We are interested in the energy range |E| < b. Also, we
choose µ > b. The wavefunction in the region 2 has the
form
ψ2(x) = t2e
κx|κ〉, (15)
where κ =
√
b2 − E2/~vF and |κ〉 = [(E + i~vFκ), b]T
is the corresponding eigenspinor. We now solve the scat-
tering problem for incident electrons from the quantum
wire using the boundary condition in eq. (11) with the
choice χi = 0 for i = 1, 2, 3.
For an up spin electron incident from the quantum
wire, the wavefunctions ψ1 and ψ3 have the same form
4as in eq. (10) and the scattering coefficients obtained on
solving have the same form as in eq. (12).
For a down spin electron incident from the quantum
wire, the wavefunction ψ1 has the form as in eq. (10) and
the wavefunction ψ2 has the form as in eq. (15). The
wave function in region 3 has a form
ψ3(z) = e
ik3z| ↓〉+ r↑e−ik3z| ↑〉+ r↓e−ik3z| ↓〉, (16)
and the scattering amplitudes obtained after solving are
r↓ =
~k3c2 −mvF
~k3c2 +mvF
,
t1 =
(E + i~vFκ)
b
2~k3c(mvF − ~k3c2)
(~k3c2 +mvF )2
,
r↑ =
(E + i~vFκ)
b
4~k3c2mvF
(~k3c2 +mvF )2
. (17)
Thus we have shown how to construct a junction of a
spinful quantum wire that has four channels (left moving
and right moving channels for each of the two spins) with
a QSHI edge that has two channels and given formulas
for scattering coefficients for electrons incident onto the
junction from quantum wire. It is interesting to see that
in the limit of special choice of c =
√
mvF /~k3, the scat-
tering coefficients in eq. (17) reduce to r↓ = t1 = 0, and
r↑ = (E + i~vFκ)/b, which means that the electrons in-
cident in the down spin channel get completely reflected
into the up spin channel. This happens because of the
strong Zeeman field present in region 2.
V. SUMMARY AND CONCLUSION
To summarize, we studied scattering due to an onsite
impurity in one dimension in continuum and lattice mod-
els and showed that the two scattering amplitudes can be
mapped from one another. Then we identified the bound-
ary condition in the continuum theory that captures the
problem of scattering due to an unequal bond in oth-
erwise translationally invariant lattice. We also studied
the problem of a junction of a quantum wire with infinite
edge of QSHI and found the boundary condition that per-
mits perfect transmission across the junction. Further,
we constructed a junction that connects four channels of
spinful quantum wire with two channels of QSHI edge by
introducing a Zeeman field in the direction perpendicu-
lar to the easy axis of the edge state electrons. If zˆ is
the direction of spin of the electrons moving away from
the junction in the QSHI edge in such a junction, the
incident electrons from quantum wire with spin pointing
along −zˆ flip their spin on reflection at perfectly trans-
mitting junction. This fact could be useful in spintronic
applications.
A junction of quantum wire with QSHI edge states
that transmits perfectly at all energies is charecterised
by the boundary condition in eq. (11) with the choice
of parameters χ3 = 0 and c =
√
mvF /~k3 which means
c is a function of energy. The exact dependence of c
on energy needs to be derived from the lattice model of
the full system. But it can be said that c is a smoothly
varying function of energy and at some particular energy
at which c =
√
mvF /~k3, the transmission is perfect.
It has been proposed that edge states of QSHI host ex-
otic Majorana fermions at the interface of a region that
has Zeeman field and a region that has superconductiv-
ity21. Zero bias conductance peak is a signature of Majo-
rana fermions. Such a junction can possibly be probed by
an external STM tip for zero bias conductance peak and
the correct boundary condition to describe the junction
has been discussed in this work.
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